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Abstract—A new micromechanical theory is presented for the response of heterogeneous metal
matrix composites subjected to thermal gradients. In contrast to existing micromechanical theories
that utilize classical homogenization schemes in the course of calculating microscopic and macro-
scopic field quantities, in the present approach the actual microstructural details are explicitly
coupled with the macrostructure of the composite. Examples are offered that illustrate limitations
of the classical homogenization approach in predicting the response of thin-walled metal matrix
composites with large-diameter fibers to thermal gradients. These examples include composites with
a finite number of fibers in the thickness direction that may be uniformly or nonuniformly spaced,
thus admitting so-called functionally gradient composites. The results illustrate that the classical
approach of decoupling micromechanical and macromechanical analyses in the presence of a finite
number of large-diameter fibers, finite dimensions of the composite, and temperature gradient may
lead to serious errors in the calculation of both macroscopic and microscopic field quantities. The
usefulness of the new outlined approach in generating favorable stress distributions in the presence
of thermal gradients by appropriately tailoring the internal microstructural details of the composite
is also demonstrated.

NOMENCLATURE

u(S), T(S) displacement and traction components on the surface S of a composite

&)y, 6 average values of strains and stresses in a composite subjected to homogeneous boundary
conditions

£, Gy average values of strains and stresses in a representative volume element

£;(xi), 0;(x,) strains and stresses at the point x, in a composite

Cijur elements of the effective stiffness tensor of a composite

2 q,r indices used to identify the cell (p, ¢, r)

o B,y indices used to identify the subcell (xfy)

dP, hy, 1, dimensions of the subcell (2fy) in the pth unit cell

AN volume of the subcell (af8y)

&, 2P, 2 local subcell coordinates

kE coefficients of heat conductivity of the material in the subcell (afy)

T temperature field in the subcell («8y)

T temperature at the center of the subcell (28y)

T coefficients in the temperature expansion within the subcell (afy)

g components of the heat flux vector in the subcell (afy)

o, average values of the subcell heat flux component ¢*" when / = m = n = 0; higher-order
heat fluxes for other values of /, m, n

L, surface integrals of subcell interfacial heat fluxes

uleh displacement components in the subcell (2fy)

wieen x, displacement component at the center of the subcell (afy)

i coefficients associated with the linear terms in the second-order expansion of the subcell
displacement u{**”

x coefficients associated with the linear terms in the first-order expansion of the subcell dis-
placement u{*"

Y coefficients associated with the linear terms in the first-order expansion of the subcell dis-

placement u{**"
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Ui coefficients associated with the quadratic term x{*? in the second-order expansion of the
subcell displacement u{*""

Vs coefficients associated with the quadratic term x{* in the second-order expansion of the
subcell displacement u{*"

Skd coefficients associated with the quadratic term x%{"? in the second-order expansion of the
subcell displacement {*?

g local strain components in the subcell (28y)

o local stress components in the subcell («fy)

e elements of the stiffness tensor of the material in the subcell (affy)

[ elements of the thermal tensor of the material in the subcell (zfy)

SEE average values of the subcell stress components 6/*? when /= m = n = 0; higher-order
stress components for other values of /, m, n

19167 o) surface integrals of the subcell interfacial stresses 6" at 3 = +d{'/2

SR oy surface integrals of the subcell interfacial stresses o at ) = + hy/2

KSR o surface integrals of the subcell interfacial stresses a7 at ¥ = +/,/2.

{. INTRODUCTION

The past 30 years have seen tremendous growth in the development and use of composite
materials. The applications range from sporting and recreational accessories to advanced
aerospace structural and engine components. Historically, composite materials have been
classified into different categories based on the geometry and distribution of the reinforce-
ment phase and the type of the matrix phase. For example, polymeric matrix (PMC), metal
matrix (MMC), intermetallic matrix (IMC), and ceramic matrix (CMC) composites are
four classes of composites based on the type of matrix used to contain the reinforcement
phase. The reinforcement phase can be finite-length or continuous, oriented or random,
thereby providing further classification into short-fiber, oriented or random composites,
and unidirectional (continuous and oriented) composites.

Typically, the reinforcement phase in the various classes of composite materials is
distributed in a statistically or macroscopically uniform fashion such that the resulting two-
phase material is macroscopically homogeneous with properties that do not vary spatially.
Numerous micromechanical approaches have been developed during the past 30 years, as
discussed by Aboudi (1991), to calculate the average (often called effective or macroscopic)
properties of such composites given the geometry, distribution and properties of the indi-
vidual phases. The micromechanical analysis makes it possible to replace the heterogeneous
microstructure of the composite with an equivalent homogeneous continuum characterized
by a set of effective elastic properties that subsequently can be used in more complicated
structural analyses. The effective elastic properties are defined as the constitutive parameters
that relate volume averages of the stress and strain components under so-called homo-
geneous boundary conditions, specified either in terms of surface displacements or pre-
scribed surface tractions.

The central assumption in applying the various well-established micromechanical
techniques is the existence of a definable representative volume element (RVE) at each
point within the heterogeneous continuum and the ability to apply homogeneous boundary
conditions to such an element. This amounts to decoupling the local and global analyses
by evaluating the effective material properties at a given point based only on the local states
of stress and deformation at that point which are assumed to be known a priori. Such
decoupling is based on the assumption of the applicability of a principle sometimes referred
to in the literature as the principle of local action (Malvern, 1969). The decoupling of local
and global analyses clearly limits the range of applicability of the classical homogenization
approach to composites with very fine microstructures (i.e. inclusion dimensions) with
respect to the overall dimensions of the composite, and imposes constraints on the severity
of deformation gradients that can be admitted. Composites with fine microstructures include
unidirectional composites reinforced with small-diameter fibers such as graphite and carbon,
for instance. Alternatively, in composites containing relatively large-diameter fibers with
respect to the thickness of a single ply, such as B/Al or SiC/Ti, the applicability and
reliability of the traditional microscopic approach based on the concept of an RVE and the
classical homogenization treatment is suspect, and remains to be established due to potential
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coupling between the microstructure and the global response. This is illustrated in Fig. 1
for situations involving thermal gradients, and will be discussed in more detail in the
following section.

Recently, a new concept involving tailoring the internal microstructure of the
composite to achieve certain required response characteristics to given input parameters
has taken root. This idea has been pursued vigorously by Japanese researchers [see, for
example, Yamanouchi et al. (1990)] who have coined the term “functionally gradient
materials” to describe this newly emerging class of composites. The idea involves spatially
grading the properties of the material by using variable spacings between individual
inclusions, as well as by using inclusions with different properties, sizes and shapes. Such
an approach offers a number of advantages over the more traditional methods of changing
the compliance of composite structural elements by varying the lamination sequence or
dropping plies to reduce the cross-sectional geometry, for instance. Grading or tailoring
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Fig. 1. Applicability of the representative volume element based analysis for heterogeneous
materials in the presence of thermal gradients.
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RCS (matrix-matrix)

Ts RCS (fiber-matrix)

Fig. 2. Composite with nonperiodic fiber distribution in the x, direction (RCS denotes representative
cross-section).

the internal microstructure of a composite material or a structural component allows the
designer to truly integrate both the material and structural considerations into the final
design and final product. This brings the entire structural design process to the material
level in the purest sense, thereby increasing the number of possible material configurations
for specific design applications.

Composite materials with tailored microstructures are ideal candidates for applications
involving severe thermal gradients, ranging from thermal structures in advanced aircraft and
aerospace engines to circuit boards. For instance, a direct consequence of the temperature
gradient across the thickness of a structural component (such as a combustor liner or
airfoil) is the tendency to bend in the out-of-plane direction. This tendency will be present
irrespective of whether a homogeneous or heterogeneous material is considered. However,
by judiciously tailoring the microstructure of a heterogeneous material, the thermal bending
moment can be reduced, if not eliminated, consequently decreasing the severity of warping.

The potential benefits that may be derived from composites with tailored micro-
structures have led to increased activities in the areas of processing, and materials science,
of these materials. These activities, however, are handicapped by the lack of appropriate
computational strategies for the response of functionally graded materials that explicitly
couple the heterogeneous microstructure of the material with the global analysis. As implied
by the foregoing brief discussion on the limits of applicability of the classical homogenization
approach, and further elaborated upon in the following section, traditional micromechanical
schemes currently used in analyzing functionally graded materials, that is those which
implicitly assume the existence of an RVE and the validity of the principle of local state,
suffer from theoretical shortcomings and cannot be used with confidence. As a result, a new
analytical approach is presented (that explicitly couples the heterogeneous microstructure of
the material with the global analysis) in order to respond to the current need to analyze
the behavior of composites with tailored microstructures (e.g. functionally graded, large-
diameter reinforcement) in the presence of thermal gradients. In particular, the problem
considered herein is a composite plate with a finite thickness H extending to infinity in the
x,-x, plane and subjected to a temperature gradient, see Fig. 2. The composite is reinforced
by periodic arrays of fibers in the direction of the x, axis or the x; axis, or both. In the
direction of the x, axis, hereafter called the functionally gradient (FG) direction, the fiber
spacing between adjacent arrays may vary. The reinforcing fibers can be either continuous
or finite-length. Further, each array of fibers can admit different thermoelastic properties.
Consequently, the model admits a variety of tailored microstructural configurations whose
response to the applied thermal gradient can be investigated (including unidirectional and
bi-directional arrays with uniform or variable fiber spacings in the FG direction, as well
as multi-phase arrays). These configurations can include functionally graded materials
consisting of metallic and ceramic phases that produce continuously changing properties
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for applications involving severe thermal gradients. In such applications, metallic-rich
regions are placed in the vicinity of the surface exposed to lower temperatures whereas
those regions exposed to elevated temperatures are ceramic-rich.

In addition, the present formulation makes it possible to test the applicability of the
various homogenization schemes when predicting the response of composites with large-
diameter fibers subjected to thermal gradients, i.e. when each ply consists of a single row
of fibers in the thickness direction. Hence, the fundamental question of how many fibers
(or plies) are required in the thickness direction for classical homogenization schemes to
be valid in the presence of thermal gradients can therefore be finally answered using the
present approach.

This question is the first to be addressed in Section 4 by presenting in-plane force and
moment resultants in a composite with finite thickness reinforced with unidirectional SiC
fibers, produced by the imposed temperature gradient, as a function of the number of
uniformly spaced fibers in the FG direction for a fixed fiber volume fraction. These results
are normalized by the continuum approach predictions obtained by first generating
the effective thermoelastic properties of the individual rows of fibers using a suitable
homogenization scheme and subsequently employing these effective properties in the ther-
mal boundary-value problem of an equivalent homogeneous composite. Similarly, a bi-
directionally reinforced composite with uniformly spaced fibers in both in-plane direc-
tions is considered and the various quantities of interest compared with those obtained
using the corresponding homogenized configuration. Finally, examples illustrating the effect
of linearly, quadratically, and cubically varying fiber spacing in the FG direction are
compared to the uniformly spaced configuration, and the advantages of using functionally
graded composites with regard to reducing in-plane force and moment resultants are
discussed.

2. ON THE APPLICABILITY OF THE CLASSICAL HOMOGENIZATION APPROACH

The various micromechanical approaches used to calculate effective properties of
composites include use of simple Reuss and Voigt hypotheses, self-consistent schemes and
their generalizations, differential schemes, the Mori-Tanaka method, concentric cylinder
models, bounding techniques and approximate or numerical analyses of periodic arrays of
inclusions or fibers in the surrounding matrix phase. As stated in the preceding section, the
central assumption in applying these well-established techniques is the existence of an RVE
and the ability to apply homogeneous boundary conditions to such an element. These
homogeneous boundary conditions can be specified either in terms of surface displacements

u,(S) = 33’-’9‘ (1)
or in terms of prescribed surface tractions
H(S) = 0'8"7]‘9 (2)

where #, is the unit outward normal vector on the boundary surface S of the composite, x;
are the Cartesian coordinates of the surface, 6?1- and a?j are constants, and repeated index
implies summation. For an inhomogeneous medium the constants ¢, and o7; are the volume
averaged strains and stresses under the prescribed boundary conditions given by eqns (1)
and (2), respectively. This is a consequence of the following relations

_ 1 1
8,']' = 17 J'V Sl‘j(xk) dV = 'I; J; % (u,-nj-i-u_,-n,-) dS (3)

- 1 l
G,j=;J‘Vo',j(xk)dV=I7L%(]:x/+];x,) dS, (4)

SAS 31:10-E
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where V is the volume enclosed by the surface S. The above relations hold provided that:
the displacements u; are continuous ; the tractions T; are continuous at all interfaces of the
heterogeneous medium ; and body forces vanish. Under the above conditions, the effective
elastic moduli C;y, are defined as

6;; = Cijii- )]

In practice, the average strains and stresses that result from the application of homo-
geneous boundary conditions are calculated for an RVE whose macroscopic behavior is
indistinguishable from the behavior of the composite-at-large. By applying the homo-
geneous boundary conditions to the bounding surface of the RVE, which are the same as
the boundary conditions applied to the entire composite, its average behavior can be
calculated. This average behavior, in turn, defines the composite’s macroscopic properties.
To qualify as an RVE, the volume of the element used to calculate average composite
behavior must meet two criteria. First, it must be sufficiently small with respect to the
dimensions of the composite-at-large in order to be considered a material point in the
equivalent homogeneous continuum (i.e. h « H, see Fig. 1). Second, it must be sufficiently
large with respect to the inclusion phase (i.e. d «h, see Fig. 1) so that to the first order the
elastic strain energy induced by both sets of homogeneous boundary conditions is the same,
rendering the effective elastic properties in eqn (5) independent of the manner in which
boundary conditions are applied (Hill, 1963). In the case of periodic fiber arrays, the
repeating unit cell is interpreted as the RVE provided that the homogeneous boundary
conditions are replaced by either symmetry conditions on the deformation of the unit cell
or periodic boundary conditions, depending on the type of loading.

Clearly, the range of applicability of the aforementioned approaches is limited to
composites reinforced by fibers with very small diameters such as graphite or carbon fibers.
In such composites, a typical RVE contains a sufficiently large number of fibers while
occupying a very small volume of the entire composite, allowing one to disregard boundary-
layer effects near the bounding surfaces of the RVE upon application of either type of
homogeneous boundary conditions. As a result, even in the presence of highly inhomo-
geneous deformation gradients within the composite-at-large, the field quantities within the
RVE will not vary significantly, thereby permitting the definition of a material property at
a point in the equivalent homogeneous continuum. In contrast, in composites with relatively
large-diameter fibers with respect to the thickness of a single ply, the variation of the
quantities of interest within the RVE (assuming that it can be defined) invalidates the basic
assumptions on which the concept of effective properties is based. These local variations of
the field quantities within the RVE may give rise to unexpected phenomena rooted in the
local-global coupling which is neglected in the traditional micromechanical homogenization
schemes. For instance, different thermal conductivities of the individual phases together
with their directional arrangement may produce thermal gradients in the individual phases
which are quite different from the thermal gradients in the homogeneous composite with
equivalent effective properties subjected to identical boundary conditions (Fig. 1). This, in
turn, may alter the local conductivity characteristics and produce unexpected effects such
as localized “‘hot spots” for instance. The size of the RVE in relation to the thickness of
the composite and the temperature gradient obviously will play an important role in the
above scenario.

The preceding discussion raises questions about the applicability of the traditional
microscopic approach based on the concept of an RVE in the presence of large thermal
gradients and coarse or spatially variable microstructure. In light of this discussion, the
current practice of decoupling the local response from the global response by calculating
pointwise effective thermoelastic properties of functionally graded materials without regard
to whether the actual microstructure admits the presence of an RVE, and subsequently
using these properties in the global analysis of the heterogeneous material, remains to be
justified. These issues were discussed qualitatively as early as 1974 by Pagano (1974) with
regard to mechanical loading of macroscopically homogeneous composites. No further
work in this area appears to have been published in the open literature since then. In order
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Fig. 3. The repeating unit cell of a composite with nonperiodic fiber distribution in the x, direction.

to resolve these issues, a model is required that explicitly couples the microstructural and
macrostructural analyses. The model presented in the following section is a step in this
direction for applications involving composites with uniformly or nonuniformly spaced,
large-diameter fibers subjected to through-the-thickness thermal gradients.

3. ANALYTICAL MODEL

The heterogeneous composite shown in Fig. 2 can be constructed using the basic
building block or repeating unit cell given in Fig. 3. This unit cell consists of eight subcells
designated by the triplet («fy). Each index a, f3, y takes on the values 1 or 2 which indicate
the relative position of the given subcell along the x,, x,, and x5 axis, respectively. The
dimensions of the unit cell along the x, and x; axes, 4,, h,, and /,, /,, are fixed for the given
configuration since these are the periodic directions, whereas the dimensions along the x,
axis or the FG direction, d{”’, d, can vary from unit cell to unit cell. The dimensions of
the subcells within a given cell along the FG direction are designated with a running index
p which identifies the cell number. We note that p remains constant in the x,—x, plane. For
the other two directions, x, and x;, the corresponding indices g and r are introduced. Thus,
a given cell is designated by the triplet (p, ¢, r) forp =1, 2, ..., M, where M is the number
of fibers in the thickness or FG direction, and an infinite range of ¢ and r due to the
periodicity of the composite in the x, and x; directions. The material occupying each
subcell within the unit cell can be represented by a different set of thermoelastic parameters,
allowing considerations of multiphase media as well as bidirectionally reinforced con-
figurations. It is important to note that the repeating unit cell in the present framework is
not taken to be the RVE whose effective properties can be obtained through homogenization
as explained below. Rather, the RVE comprises an entire column of such cells spanning
the thickness of the plate. Thus the principle of local action cannot be applied to an individual
cell, requiring the response of each cell to be explicitly coupled to the response of the entire
column of cells in the FG direction. This is what is meant by the statement that the present
approach explicitly couples the microstructural details with the global analysis.

The thermal boundary-value problem outlined in the foregoing is solved in two steps.
In the first step, the temperature distribution in the heterogeneous composite is determined
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by solving the heat equation under steady-state conditions in each subregion or cell of the
composite. Since the composite is periodic in the x,-x; plane, it is sufficient to determine
the distribution of temperatures in a single row of cells spanning the FG dimensions only,
provided that appropriate continuity and compatibility conditions are satisfied. These
conditions ensure that the given cell is indeed indistinguishable from the adjacent cells in
the x,—x; plane. Given the temperature distribution in the entire volume occupying the
composite, internal displacements, strains and stresses are subsequently generated by solving
the equilibrium equations in cach subregion of the composite subject to appropriate con-
tinuity and boundary conditions. As in the case of the thermal problem, only a single row
of cells is considered due to periodic nature of the composite in the x, -x; plane.

The analytical technique for the above problem is a derivative of the approach
developed by the first author in the treatment of the effective response of doubly and triply
periodic composites, referred to as the “method of cells” (Aboudi, 1991) and most recently
the “‘generalized method of cells” (Paley and Aboudi, 1992 ; Aboudi and Pindera, 1992).
In the original formulation of the method of cells, a continuously reinforced, unidirectional
fibrous composite is modeled as a doubly periodic array of fibers embedded in a matrix
phase. The periodic character of the assemblage allows one to identify a repeating unit cell
that can be used as a building block to construct the entire composite. The properties of
this repeating unit cell are thus representative of the properties of the entire assemblage.
The unit cell consists of a single fiber subcell surrounded by three matrix subcells. Hence the
name “method of cells”. The rectangular geometry of the repeating unit cell allows one to
obtain an approximate, closed-form solution for the stresses and strains in the individual
subcells given some macroscopically homogeneous state of strain or stress applied to the
composite. The solution is obtained by approximating the displacement field in each of the
subcells in terms of the displacement of the center of the subcell and a linear expansion in
the local coordinates X, X, X' centered at the subcell’s mid-point. The coefficients
or microvariables associated with the linear terms in the expansion, and the unknown
displacements at the subcell centers are obtained by satisfying continuity of tractions and
displacements in an average sense between individual subcells of a given cell, and between
adjacent cells. In addition, a connectivity condition is imposed on subcell center dis-
placements of a given cell with respect to the corresponding subcell center displacements in
adjacent cells, that provides the necessary expressions for homogenized strains in terms of
the displacement gradients of the subcell mid-points. The approximate solution to the given
boundary-value problem, in turn, is used to determine macroscopic (average) or effective
properties of the composite. In the generalized method of cells, the repeating unit cell is
subdivided into an arbitrary number of subcells which makes it possible to include multiple
phases and additional geometric details in modeling the repeating unit cell. The procedure
for analyzing local stress and strain fields in this case, however, is the same as that used in
the original method of cells (i.e. by approximating local subcell displacements using linear
expansions in terms of local coordinates in the individual subcells).

Conversely, in the present analysis a higher order theory is required in order to capture
the local effects created by the thermal gradient, the microstructure of the composite, and
the finite dimension in the FG direction. Accordingly, in the thermal problem the tem-
perature ficld in each subcell of a repeating unit cell is approximated using a quadratic
expansion in local coordinates along the three coordinate directions associated with the
given subcell. In the solution for the local strains and stresses, the displacement field in the
FG direction in each subcell is also approximated using a quadratic expansion in local
coordinates within the subcell. The displacement field in the x, and x; directions, however,
is still approximated using a linear expansion in local coordinates to reflect the periodic
character of the composite’s microstructure in the x,-x; plane.

The unknown coefficients associated with the linear and quadratic local coordinates
in both the thermal problem and the solution for internal strains and stresses are obtained
by satisfying continuity of displacements and tractions and boundary conditions in an
average sense along similar lines as those employed in the original and generalized method
of cells. A fundamental difference, however, between the present solution and the previous
treatments lies in the fact that the considered composite contains elements of both material
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and structural effects which cannot be treated (i.e. decoupled) using the classical homo-
genization schemes. Accordingly, the connectivity conditions (which provide expressions
for the homogenized strains in terms of the subcell mid-point displacement gradients) are
not imposed in the FG direction in solving the given boundary-value problem since it is
not possible to define homogenized strains in this direction using classical micromechanical
concepts. This is due to the absence of homogeneous boundary conditions that hold for
both the repeating unit cell and the composite-at-large, as well as the finite dimension of
the composite in the FG direction. These features set the present model apart from the
classical micromechanical approaches currently employed by researchers working in the
area of functionally gradient materials.

An outline of this new analytical approach for both the thermal and mechanical
problem that summarizes the governing equations for the determination of the temperature
and displacement fields in the individual subcells will now be given. A detailed derivation
of these equations is presented in the Appendices so as not to obscure the basic concepts
by the involved algebraic manipulations.

3.1. Thermal analysis: problem formulation

Suppose that the composite material occupies the region 0 < x, < H, |x,| < o0,
|x;] < oo. Let the composite be subjected to the temperature T’y on the top surface (x, = 0)
and to T on the bottom surface (x, = H). Also, let M denote the number of cells in the
interval 0 < x, < H, i.e.

M
M= H/ Y @P +dy).

p=1

Forp =2,..., M—1 the cells are internal, whereas for p = 1 and P = M they are boundary
cells.

3.1.1. Heat conduction equation. For a steady-state situation, the heat flux field in the
material occupying the subcell (2fy) of the pth cell, in the region defined by |%*| < 1 d%,
|%P| < 3 hy, |%] < 31, must satisfy

0,47 + 0,457 + 2,48 = 0, ©)

where 0, = 0/0x\", 8, = 0/6x¥, 05 = 0/0x{". The components of the heat flux vector g*#”
in this subcell are derived from the temperature field according to

g = — ko, T i =1,2,3; no sum, (7)

where k{**" are the coefficients of heat conductivity of the material in the subcell (28y), and
no summation is implied by repeated Greek letters in the above and henceforth. Given the
relation between the heat flux and temperature, a temperature distribution that satisfies the
heat conduction equation is sought subject to the continuity and boundary conditions given
below.

3.1.2. Heat flux continuity conditions. The continuity of the heat flux vector q*# at
the interfaces separating adjacent subcells within the repeating unit cell (p, g, r) is fulfilled
by imposing the relations

1 (p.q.r) _ (2 (p.q.7)

q(1 2 |f(ln=d(lp>/2 = q(, n #D=_apy2 (8a)
@1y) | (2.q.) . 2y) | (pgr)

q3 '_ig"=h1/2 - qgu 7 Ig‘zz)=7h2/2 (8b)

D | (g %,
gs | 5T,y = g5 |G . (8c)
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In addition to the above continuity conditions within the pth cell, the heat flux continuity
at the interfaces between neighboring cells must be ensured. The conditions that ensure this
are given by

1
(lm) ‘(P‘*“ (i,/)fr*lm — q(zm) l(lllI’) w2 (93)
1)(:7 +lr) (2 (pq
g5" I j h,/2"'q ”' Dohy2 (9b)
1
(xﬂl) '(‘p "[:tl) = (aﬂ2) ,(p’l'“)u - (90)

3.1.3. Thermal continuity conditions. The thermal continuity conditions at the inter-
faces separating adjacent subcells within the representative cell (p, g, r) are given by relations
similar to the corresponding heat flux continuity conditions

Atz ,(mr)dw = T I(P‘m a2 (10a)
T 480, = T D (100)
TEBY |(z(»gr)l = T2 |(P S (10c)

while the thermal continuity at the interfaces between neighboring cells is ensured, as in the
case of the heat flux field, by requiring that

1
T(lﬂr) |(l’+:‘ld(p+” L= T(Zﬁ/) l(l[’;{’)dlm - (l la)
17) {{pg+ 1.r) 2 | ¢
T lﬂﬂ,;;], T | "",,, 0 (11b)
1)
1/91) '(l(llf)/:tll T(oz/iZ) ,(Pflil o (l IC)

3.1.4. Boundary conditions. The final set of conditions that the solution for the tem-
perature field must satisfy are the boundary conditions at the top and bottom surfaces. The
temperature in the cell p = 1 at the top surface must equal the applied temperature T,
whereas in the cell p = M at the bottom surface the temperature must be Ty

T(lﬂ';)l(l.qsr) =T, f(’l) — —lid(ll) (12)
T(Zﬁv)l(M-qJ)z Ts, xt2) %d(2 . (13)

3.2. Thermal analysis : solution

The temperature distribution in the subcell (xf8y) of the pth cell, measured with respect
to a reference temperature T, is denoted by 7@, We approximate this temperature field
by a second-order expansion in the local coordinates ¥, £, and x{ as follows :

(2 2
T = T(gﬁy) _+_j(la) T(laﬂv) + % (3)2(1902 d; ) T(aliv % <3)?(2ﬁ)2 _ Z{’) T(}tzliv)

1 5
+5 (38022 T¢. (19)

where T$#" which is the temperature at the center of the subcell, and T (i = 1, ...,4)
are unknown coefficients which are determined from conditions that will be outlined
subsequently. Henceforth, for notational simplicity and in view of the fact that the composite
material is periodic in the x,—x, plane, the designation (p, ¢, r) for the pth cell will be
replaced by (p) whenever appropriate in this section and in the corresponding section
dealing with solution to the mechanical problem.
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Given the five unknown quantities associated with each subcell (i.e. T, ..., T¢)

and eight subcells within each unit cell, 40M unknown quantities must be determined for
a composite with M rows of fibers. These quantities are determined by first satisfying the
heat conduction equation, as well as the first and second moment of this equation in each
subcell in a volumetric sense in view of the temperature field approximation given by eqn
(14). Subsequently, continuity of heat flux and temperature is imposed in an average sense
at the interfaces separating adjacent subcells, as well as neighboring cells. Fulfillment of
these field equations and continuity conditions, together with the imposed thermal boundary
conditions at'the top and bottom surfaces of the composite, provides the necessary 40M
equations for the 40M unknown coefficients in the temperature field expansion. We begin
the outline of steps to generate the required 40M equations by first considering an arbitrary
pth cell in the interior of the composite (i.e. p =2, ..., M —1). This produces 40(M —2)
equations. The additional equations are obtained by considering the boundary cells (i.e.
p = 1 and M). For these cells, most of the preceding relations also hold, with the exception
of some of the interfacial continuity conditions between adjacent cells which are replaced
by the specified boundary conditions.

3.2.1. Heat conduction equations. In the course of satisfying the steady-state heat
equation in a volumetric sense, it is convenient to define the following flux quantities

a2 [hy2
Qi = (X(“’ Y EPY(ED) g dx P de P dx, (15)
(imm) = (p)

Uapy) J—dPy2 J—hyi2

where I, m, n = 0, 1, or 2 with [+ m+n < 2, and v}, ) = dPhyl, is the volume of the subcell
(«By) in the pth cell. For I=m=n=0, Q7 is the average value of the heat flux
component ¢ in the subcell, whereas for other values of (/, m, n) eqn (15) defines higher-
order heat fluxes. These flux quantities can be evaluated explicitly in terms of the coefficients
T by performing the required volume integration using eqns (7) and (14) in (15). This
yields the following nonvanishing zeroth-order and first-order heat fluxes in terms of the
unknown coefficients in the temperature field expansion

Qb = —KE# TG (16)
Qo0 = — 3k dP? TS a7
Q5.0 = — kSR TSP (18)
O,y = —3KSPLITG. (19)

Satisfaction of the zeroth, first and second moment of the steady-state heat equation
results in the following eight relationships among the first-order heat fluxes Q¢ in the

different subcells (afy) of the pth cell, after some involved algebraic manipulations (see
Appendix A)

(O o.0)/dP* + QS oy /13 + QSED 1219 = 0, (20)
where the triplet (afy) assumes all permutations of the integers 1 and 2.

3.2.2. Heat flux continuity equations. The continuity of heat fluxes at the subcell
interfaces, as well as between individual cells, associated with the x, (FG) direction, eqns
(8a) and (9a) imposed in an average sense, is ensured by
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(p)
(120583 o /h5 + 1205871, /1719 +6 d(,,) [QY) /G + Q5811717

d(p 1)
d(m

[, olhi+ 0550 IV + — [Q%%@%,O)'(p) —O0{hol" V=0 (1)
and

Q‘l‘(’é?%,m 1 = 30500 + 1001 " +3dY [Q(z%l(j)”l())/h/% + Q% x)/l;?](m
—=3dY V[OY 0 ki + QST Y (22)

while the equations that ensure heat flux continuity at the subcell interfaces associated with
the x, and x; directions, eqns (8b) and (8c¢), are given by

[OST ) o/h+ O5F) 0/ =0 (23)
(0501011 + Q%% 1 /117 = 0. (24)

We note that eqns (9b) and (9¢) are identically satisfied by the chosen temperature field
representation due to the periodicity of the composite in the x,—x, plane.

Equations (21)-(24) provide us with 16 additional relations among the zeroth-order
and first-order heat fluxes. These relations, together with eqn (20), can be expressed in
terms of the unknown coefficients T**” (i = 1, ..., 4) by making use of eqns (16)—(19),
providing a total of 24 of the required 40 equations necessary for the determination of these
coeflicients in the pth cell.

3.2.3. Thermal continuity equations. An additional set of 16 equations necessary to
determine the unknown coefficients in the temperature field expansion is subsequently
generated by the thermal continuity conditions imposed on an average basis at each subcell
and cell interface. Imposing the thermal ¢ontinuity at each subcell interface, eqns (10a—),
we obtain the following conditions for the pth cell

[T(Ollfv') + d(,”) T(Illiv) + 7lld(l/n) 2 T(zltiv)]w — [T((]Zﬁv) _ d(zp) T(]lﬁr) + % d(zl’) 2 T(22/?~;)](m (25)
[T(Oz 4 :{h%T‘f lv)](p) = [T(Oul;') + :l; h%T‘_{"z”]“” (26)
(75" + 40T = (1§ 43T, @7

The continuity of temperature between neighboring cells in the FG direction, eqn (11a), on
the other hand, yields

[Tg)lﬂv) _ %d‘{’* )] T(Il[i‘/) + ‘lid(]p+ N2 T(z‘ﬂv)](ﬁ n [T(()Zliv) + % d(z") T(l?-ﬂv) + thd(zp)Z T(zzli)’)](P)' (28)

We note that the continuity of temperature between neighboring cells in the x, and x,
directions, eqns (11b) and (11c), is automatically satisfied by the chosen temperature field
representation which reflects the periodic character of the composite in these directions.

3.2.4. Governing equations for the unknown coefficients in the temperature expansion.
The equilibrium equations, eqn (20), together with the heat flux and thermal continuity
equations, eqns (21)—(24) and eqns (25)-(28), respectively, form altogether 40 linear
algebraic equations which govern the 40 field variables 7" (i =0, ...,4) in the eight
subcells (xfy) of an interior cell p; p =2, ..., M—1. For the boundary cells p = 1 and
p = M, a different treatment must be applied. For p = 1, the governing equations, eqns
(20), and (23)—(28), are operative. Relations (21) and (22), on the other hand, which follow
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from the continuity of heat flux between a given cell and the preceding one are not applicable.
They are replaced by the condition that the heat flux at the interface between subcell (18y)
and (2fy) of the cell p = 1 is continuous, as well as the applied temperature relation at the
surface x; = 0. For the cell p = M, the previous equations are applicable except eqns (28)
which are obviously not operative. These equations are replaced by the specific temperature
applied at the surface x, = H.

The governing equations at the interior and boundary cells form a system of 40M
linear algebraic equations in the unknown coefficients 7#|? (i =0, ...,4; 0, 8,7 =1, 2;
p=1, ..., M). Their solution determines the temperature distribution within the FG
composite subjected to the boundary conditions (12) and (13). The final form of this system
of equations is symbolically represented below

kT =t, 29

where the structural thermal conductivity matrix x contains information on the geometry
and thermal conductivities of the individual subcells (xfy) in the M cells spanning the
thickness of the FG plate, the thermal coefficient vector T contains the unknown coefficients
that describe the thermal field in each subcell, i.e. T = (T{''", ..., T§;*?), where T?*" = (T,
T\, T, T3, T,)®, and the thermal force vector t = (T, 0, ..., 0, Tj) contains information
on the boundary conditions.

3.3. Mechanical analysis: problem formulation

Given the temperature field generated by the applied temperatures Trand T obtained
in the preceding section, we proceed to determine the resulting displacement and stress
fields. This is carried out for uniform normal (i.e. no shearing) mechanical loading applied
to the surfaces of the composite.

3.3.1. Equations of equilibrium. The stress field in the subcell (xfy) of the pth cell
generated by the given temperature field must satisfy the equilibrium equations

8,057+ 0,050 +0,0%P =0, j=1,2,3, (30)

where the operator J; has been defined previously. The components of the stress tensor,
assuming that the material occupying the subcell («fy) of the pth cell is orthotropic, are
related to the strain components through the familiar generalized Hooke’s law

U‘(;zﬂv) - c,(jaflv) 8;‘71%') — Ff}‘ﬂ") T(ﬂﬁy)’ 3 1)

where c(iff’ are the elements of the stiffness tensor and the elements I'®*? of the so-called
thermal tensor are the products of the stiffness tensor and the thermal expansion coefficients.
The components of the strain tensor in the individual subcells are, in turn, obtained from
the strain—displacement relations

£8P = 10w + o), ij=1,2,3. (32)

Given the relation between the stresses and displacement gradients obtained from eqns (31)
and (32), a displacement field is sought that satisfies the three equilibrium equations together
with the continuity and boundary conditions that follow.

3.3.2. Traction continuity conditions. The continuity of tractions at the interfaces
separating adjacent subcells within the repeating unit cell (p, g, r) is fulfilled by requiring
that
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P | .) )W)/z = ' ‘(:;;g )\d‘!’/z (33a)

13 [ (Pg.r) 2p) {(pgr)
a5 “(’1 Ch2 = 0% i D= _py2 (33b)

O_(u/il) |(pq—1] (az/iZ) |(I(7’¢{:)7[ﬂ (330)
In addition to the above continuity conditions within the pth cell, the traction continuity
at the interfaces between neighboring cells must be ensured. These conditions are fulfilled
by requiring that

1 (/’qu) 2 (p.q.r)

O'( B | = drenn = 0'( A1) l (’) d(ﬂ)/z (34a)
(x19) g+ Ly (22 | (Pger)

(2 I,;g": —nyi2 = 02 l,\":z'=hz/’2 (34b)
p D) jpger+ ) _(afi2) [(Pgr)

0'3’_/ l,\‘“;”: 1T 0% '§32)=Iz,"2' (34C)

3.3.3. Displacement continuity conditions. At the interfaces of the subcells within the
repeating unit cell (p, ¢, r) the displacements u = (u,, u,, u;) must be continuous

18y (ﬁqr) 28y L)

un | D i = u2? | §€2‘1= 400 (35a)
(a1y) |(Pgr) a2y [ pger)

u K Yepy2 = 0 I.f‘f’= —hyf2 (35b)
(ply |(p. q r) _ p2) 1{(p.g-r)

u I 0 =D |0 (35¢)

while the continuity of displacements between neighboring cells is ensured by requiring that

18y) [P+ Lgr) 28y [(Pgr)
uten |W): M = u'2m | $_dipi2 (36a)
(a1y) [pg+ L) (x2y) tpq
ut [ e = e [, (36b)
Bl r+ 1) 1) [{p.gur)
uh | p({ﬂ/[ = u@n | ;{ . (36¢)

3.3.4. Boundary conditions. The final set of conditions that the solution for the dis-
placement field must satisfy are the boundary conditions at the top and bottom surfaces.
The normal stress in the cell p = 1 at the top surface must equal the normal stress f(¢)

AP = f(0). ®Y = —1dY) (3

with f(t) describing the temporal variation of this loading, whereas in the cell p = M at
the bottom surface the condition that the surface x, = H is rigidly clamped (say) is imposed

" ) =(2 L (M
WP M — g 5@ = L gin . (38)

For other types of boundary conditions, eqn (38) should be modified accordingly.

3.4. Mechanical analysis: solution
Due to symmetry considerations, the displacement field in the subcell (¢fy) of the pth
cell is approximated by a second-order expansion in the local coordinates %, ¥, and ¢
as follows :
u(lar/f'/) — W(,IBT) + x(a)d)(]ab';') + % (3)2(141)2 _ :l‘dipﬁ) U(ldﬂv)
4 (3x(/1)’ 4hi) V(alh) +4 (3x())2 113) W(lfxliv)

u(zalfr) — j(zﬂ)xtzalf“ﬂ)

u(}ﬁlﬁ') — _f(}",') l//(gx/f)') , (39)
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where w{”, which are the displacements at the center of the subcell, and U{?, V{7,
WEED | @ @B and ") must be determined from conditions similar to those employed
in the thermal problem, In this case, there are 56 unknown quantities. The determination
of these quantities parallels that of the thermal problem. Here, the heat conduction equation
is replaced by the three equilibrium equations, and the continuity of tractions and dis-
placements at the various interfaces replaces the continuity of heat fluxes and temperature.
Finally, the boundary conditions involve the appropriate mechanical quantities. As in the
thermal problem, we start with the internal cells and subsequently modify the governing
equations to accommodate the boundary cells p = 1 and M.

3.4.1. Equations of equilibrium. In the course of satisfying the equilibrium equations
in a volumetric sense, it is convenient to define the following stress quantities.

dwlj2 iyl 2
I(N )y = M) J‘ J Jv (x(“)) (x(ﬂ) )m (xm)” G-(aﬁﬂ dx(“) dx(ﬂ) dx(’” (40)

Vlapyy J ~dif2 J~y2

For I =m=n =20, eqn (40) provides average stresses in the subcell, whereas for other
values of (/, m, n) higher-order stresses are obtained which are needed to describe the
governing field equations of the higher-order continuum. These stress quantities can be
evaluated explicitly in terms of the unknown coefficients U™, ..., o0, .. ¢y by
performing the required volume integration using egns (31), (32), and (39} in eqn (40). This
yields the following nonvanishing zeroth-order and first-order stress components in terms
of the unknown coefficients in the displacement field expansion

S§ !%’o o = C(aﬁ})(}s(aﬂz) +C(«Xﬁ)) (’aﬁw C(;ﬁv)ll,(auﬁ)') ~I’§°‘ﬁ” Tgxﬂv) (41)
ngl(?g)o 0 = c(aﬁv)d)(am + C.(aﬁy)xgaﬁ?) +c(«ﬁ})¢(aﬁv) I“(zorﬂ?) T%a&') (42)
S%%?ﬂ,m = C%ﬂv) ¢(]uﬂv) + Cé@éﬂv)xgtﬂv) + C%ﬂ"i),//gaﬂr) — r%rzﬁv) T%!ﬁv) (43)
S{ifloa = 4efdPIUE — &5 d2TETER (44)
St = 4l Ry (45)

S( %};)0 y = 14 eiﬂﬁv) g 2 (aﬁ*;)_ (46)

Satisfaction of the equilibrium equations results in the following eight relations among
the volume-averaged first-order stresses S{7),,, in the different subcells («fy) of the pth
cell, after lengthy algebraic manipulations (see Appendix B)

{S{% % 0)/d{P}2 + Sg;;(%)x m/hg + Sgi’(?é)o r)ﬂzlm =0, 47

where, as in the case of eqn (20), the triplet (xfy) assumes all permutations of the integers
I and 2.

3.4.2. Traction continuity equations. The continuity of tractions at the subcell inter-
faces, as well as between individual cells, associated with the x, (FG) direction, eqns (33a)
and (34a) imposed in an average sense, is ensured by the following relations
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(f)
(12838 0/h5 + 12843800 /1117 +6 -5 ap [S{36h.0/h + S0 /1717
(pA b

— (S o /hF + SR 17D 4+ =[S )| P — S{Hhal" "1 =0 (48)

d(p)

S0P + 1SRl 4+ 3dP (S o /hE + S350 /1P
—3dY D[S\ 0 /g + S0 1P (49)

o=

S{ioo| " =

while the equations that ensure traction continuity between individual subcells associated
with the x, and x, directions, eqns (33b) and (33c), are given by

(S0 /hi + SE10/h]? =0 (50)
[SBobu/li+ SHhn /11" = 0 (5H
S50 = S50l (52)
Fobo? = SHThal?. (53)

We note that eqns (34b) and (34c¢) are identically satisfied by the chosen displacement field
representation due to the periodic character of the composite material in the x,—x; plane.

Equations (48)—(53) provide us with 24 additional relations among the zeroth-order
and first-order stresses. These relations, together with eqn (47), can be expressed in terms
of the unknown coefficients U, ..., ¢, ..., y§*) by making use of eqns (41)—(46),
providing a total of 32 of the required 56 equations necessary for the determination of these
coeflicients in the pth cell.

3.4.3. Displacement continuity equations. The additional 24 relations necessary to
determine the unknown coefficients in the displacement field expansion are subsequently
obtained by imposing displacement continuity conditions on an average basis at each subcell
and cell interface. The continuity of displacements at each subcell interface of the pth cell,
eqns (35a—c), is satisfied by the following conditions

[+ 1P $ +3dTUPTP = (W —L PP L hdIUTY (54)
[w(ld 1y) + %h% V(laZ",')](p) _ [w(lﬂv) + %h% V(la 2V)](p) (55)

hag? = —hyy g (56)

[W(laﬂl) + :l‘l% w (lulfl)](p) = [w(laﬂ2) + ‘,1‘1% W(lﬂtlﬂ)](p) (57

R el (8)

while the continuity of displacements between neighboring cells in the FG direction, eqn
(36a), requires that

[w(llliv) - %d(l[H— l)d)(llﬁv) + ?1td(1p+ D2 U(llﬁv)](w L) [w(l2ﬂ'f) + %d({)d)(fﬁy) + ‘,lld(zp)Z U(l2ﬁy)](p). (59)
The displacement continuity between neighboring cells in the x, and x; directions,
eqns (36b) and (36¢c), is automatically satisfied by the chosen displacement field rep-

resentation which reflects the periodic character of the composite in these directions.

3.4.4. Governing equations for the unknown coefficients in the displacement expansion.
The equilibrium equations, eqn (47), together with the traction and displacement continuity
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equations, eqns (48)—(53) and eqns (54)—(59), respectively, form altogether 56 equations in
the 56 unknowns Wi, ${0, U@y pr b0 (80 5 which govern the equilibrium
of a subcell («fy) within the pth cell in the interior. As in the thermal problem, a different
treatment must be adopted for the boundary cells p = 1 and p = M. For p = 1, eqns (47),
(50)—(53), and the displacement continuity relations, eqns (54)—(59), are operative, whereas
eqns (48) and (49), which follow from the continuity of tractions between a given cell and
the preceeding one, are not applicable. These eight equations must be replaced by the
conditions of continuity of tractions at the interior interfaces of the cell p = 1 and by the
applied normal stress at x, =0, eqn (37). For the cell p = M, the previously derived
governing equations are operative except for the four relations given by eqns (59) which
are obviously not applicable. These are replaced by the condition that the surface x, = H
is rigidly clamped, eqn (38). Consequently, the governing equations at both interior and
boundary cells form a system of 56 M linear algebraic equations in the field variables of the
cellsalong 0 < x; < H. The final form of this system of equations is symbolically represented
below

KU =f, (60)

where the structural stiffness matrix K contains information on the geometry and thermo-
mechanical properties of the individual subcells (afy) in the M cells spanning the
thickness of the FG plate, the displacement coefficient vector U contains the unknown
coefficients that describe the displacement field in each subcell, i.e. U = (U{''V, ..., UP?),
where U = (w, ¢,, U\, Vi, W, 22, ¥3)7, and the mechanical force vector f contains
information on the boundary conditions and the thermal loading effects generated by the
applied temperature.

4. APPLICATIONS

The approach outlined in the foregoing is employed to investigate the response of thin-
walled composites subjected to a thermal gradient in the thickness direction. The inves-
tigated composites are reinforced with continuous SiC fibers embedded in a titanium
aluminide matrix, with the fiber volume fraction, v;, equal to 0.4. The temperature T at
the top surface of the composite (x, = 0) is 0°C while the temperature T’y at the bottom
surface (x, = H) is 500°C. The composite is constrained from deforming due to the applied
thermal loading by imposing zero displacement at the bottom surface. At the top surface,
the normal traction component is required to vanish (i.e. o}, = 0).

The properties of the fiber and matrix phases are provided in Table 1. We note that
these properties are assumed to be independent of temperature. Although this may be a
reasonably good approximation for the SiC fiber, the titanium matrix properties will change
with temperature in the range of the imposed thermal gradient across the plate’s thickness.
This temperature dependence will also be accompanied by viscoplastic effects that are not
considered here. These effects will be considered elsewhere. We also note that the thermal
conductivity of the SiC fiber employed here is 50 times that of the matrix, which provides
a large mismatch between the fiber and matrix conductivities. Additional results illustrating
the effect of varying the thermal conductivity mismatch on the thermal and stress fields
have been reported by Aboudi e al. (1993) in view of the lack of accurate knowledge of
the thermal conductivity for the SiC fiber.

Table 1. Material properties of SCS6 SiC fiber and titanium matrix

Material E(GPa) v o (107 * m/m°C) x (W/m °C)
SiC fiber 414.0 0.3 49 400.0
Ti-Al matrix 100.0 0.3 9.6 8.0

E and v denote the Young’s modulus and Poisson’s ratio, respectively; « is the
coefficient of thermal expansion and x is the thermal conductivity.
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Table 2. Material properties of the SCS6 SiC/Ti com-
posite (v, = 0.40)

E% (GPa) 226.0
Vi 0.30
E% (GPa) 167.0
G*(GPa) 60.9
a* (107 * m/m/"C) 6.15
a¥ (10~ ° m/m/°C) 7.90
k¥ (W/m “C) 164.80
K3 (W/m "C) 16.20

Subscripts 4 and T denote axial and transverse quan-
tities, respectively.

As a first step, unidirectional composites with fibers uniformly spaced in the thickness
direction and oriented in the x; direction are considered. Results for temperature distri-
butions, stresses and in-plane force and moment resultants generated with the present
approach that explicitly couples local micromechanical and global structural effects are
compared with predictions based on the continuum approach in which local and global
effects are decoupled. The continuum results are obtained by first generating the effective
properties of the individual rows of fibers along the x, coordinate, or “plies”, using the
generalized method of cells without regard to whether a representative volume exists or
not. That is, these effective properties are generated on the premise that no coupling exists
between local and global responses. This is the standard approach currently employed by
researchers working in the area of micromechanics. These effective properties, given in
Table 2, are subsequently used in the thermal boundary-value problem of a homogeneous
composite with appropriate effective properties subjected to the specified thermal loading.
In addition, bidirectionally reinforced composites with uniform fiber spacing in the FG
direction are also considered, with fibers oriented along the x; axis in some layers and along
the x, axis in others. Again, comparison with the results of continuum approach is given,
using cross-ply laminates subjected to the imposed thermal gradient. The solution to the
thermal boundary-value problem of unidirectional and bidirectional laminates based on
the continuum approach is briefly outlined in Section 4.1. We note that the continuum
approach yields results that, for the considered geometry and applied boundary conditions,
are identical to those that would be obtained using the classical lamination theory [see, for
example, Christensen (1979)]. Thus, we employ the familiar terminology used in the classical
lamination theory in developing the pertinent solution based on the continuum approach
in Section 4.1.

Finally, application to functionally graded composites (or those with a tailored meso-
structure) is illustrated by considering unidirectional composites with nonuniformly spaced
fibers in the FG direction. Only continuous fiber configurations are considered with fibers
oriented along the x; coordinate. Data generated for linear, quadratic and cubic variation
in the fiber spacing are compared with results obtained for configurations with uniformly
spaced fibers occupying the same total volume of the composite.

4.1. Continuum approach (classical lamination approach)

Consider a laminate composed of M plies subjected to a thermal gradient by the
imposition of the temperature T on the top surface and T, on the bottom surface. The
total thickness of the laminate is H with ¢, representing the thickness of individual plies.
Let h, = — H/2 designate the coordinate of the top surface of the first ply measured from
the mid-plane of the laminate denoted by = = 0. The top surface of the ith ply is thus given
by h,=h,_,+t fori=1,2, ..., M. The solution of the Laplace’s equation for the given
geometry subjected to the specified boundary conditions yields a linear temperature dis-
tribution in each ply. Letting T, = T, the temperature at the interfaces of the laminate can
be shown to be

T, =T,+AT, i=12,....M (61)

where
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t, To—T

AT, =+ =T (62)
K; Zt*j
=1 K%

We note that in our case, k; are the effective transverse conductivities k¥ of the ith ply
calculated using the method of cells (see Table 2). Also, T, = 500°C and T = 0°C, and
t;= 199 pym.

Given the temperature distribution throughout the laminate, the in-plane stress dis-
tributions in the ith lamina in the absence of mid-plane strains and curvatures (which is the
situation here for the specified boundary constraints) are simply calculated in the following
manner

o) = QUa{)T(2) (63)

where Q® and af) are the transformed reduced stiffness matrix and the thermal expansion
coefficient vector, respectively, of the ith ply referred to the laminate coordinate system x—
».

The resulting in-plane force and moment resultants can be obtained by multiplying by
—1 the so-called thermal in-plane force and moment resultants defined as follows :

+H/2
N =|  Qu,T()dz (64)
—Hp2
+Hf2
M’ = j Qa,, T(2)z dz, (65)
—H/2

where the previously defined Q and a,, are piecewise uniform throughout the laminate, and
the superscript ({) that associates these quantities with the ith ply has been omitted for
obvious reasons. Substitution of the linear temperature variation into eqns (64) and (65)
and performing the necessary integration yields the following explicit expressions for N7
and M” in terms of the previously defined quantities

M

N = Z Q"’ai’B [Tt(hi—hi— )+

i=1

LAT,,, ,,
3 Wh )=

AT,
-[hi- l(hz’_hi—l)]] (66)

Mo T1 1 AT, 1 AT,
M”= 3, QY [5 Tht —h )+ 3= (W =h )= 3 ~h,»f1<h,-2—hf_l)]. 67
i=1 i

= i

4.2. Response of composites with uniform mesostructure

Here, the response of unidirectional and bidirectional composites with uniformly
spaced fibers is investigated. The results are useful in answering the fundamental question
of the validity of the classical homogenization scheme in the presence of thermal gradients
and finite boundary effects. Just as importantly, the results give useful estimates on the
number of fibers that are required in the thickness direction to produce data that can be
reliably generated with the standard approach wherein the micromechanics and macro-
mechanics analyses are decoupled (which clearly is less expensive than the present scheme).

4.2.1. Unidirectional composites. Consider the response of a continuously reinforced
unidirectional composite having a fixed thickness of 199 um with fibers oriented in the x,
direction. This thickness is based on a single ply of a SiC/Ti composite with 40% fiber
volume and a fiber diameter of 142 um. The objective is to determine the number of fibers
in the thickness direction that are required for the results to approach those obtained using
the standard homogenization procedure. To this end, we consider configurations with M
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number of fibers, where M = 1, 2, 3, S, 8, 12, 16, and 20. The volume of fibers occupying
the total volume of the composite, i.e. the fiber volume fraction, is fixed at 0.40 for all the
considered cases. Since the thickness of the composite is held constant, the size of the fibers
must decrease when the number of fibers, M, is increased. However, since the problem is
linear, the above is equivalent to increasing the number of fibers in the thickness direction
by adding more layers in this direction, and thus increasing the thickness of the plate. For
this reason the various distributions in the thickness direction are given as a function of the
normalized coordinate x,/M.

The results generated for such a large number of configurations provide a com-
prehensive library that can be used in future work to verify the applicability of various
schemes in analyzing the thermal response of composites with tailored or coarse micro-
structures. The results also provide a continuous spectrum whose limiting behavior can be
used as a basis for verification of the developed scheme. A more quantitative verification
of the developed model based on the finite-element analysis of a finite thickness composite
plate with a finite number of through-the-thickness fibers will be provided elsewhere.
Further, these results demonstrate the power of the developed analytical model, in that a
researcher can efficiently generate results by merely changing a few lines in the input data
file of a computer code each time a new configuration is investigated. Due to space limi-
tations, only selected results will be presented herein. The complete set can be found in
Aboudi et al. (1993).

First, temperature distributions are presented for two selected configurations with
M = 2 and M = 20. Figure 4 illustrates the temperature distributions in the representative
cross-section (RCS) along the x, direction that includes both matrix and fiber phases (see
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Fig. 4. Through-the-thickness temperature distribution in a unidirectional composite with uniformly
spaced fibers in the cross-section containing both phases: (a) M = 2; (b) M = 20.
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Fig. 2). Included in the figures are the linear distributions (denoted by dashed lines) obtained
from the homogenized thermal boundary-value problem based on the continuum equations.
In the RCS containing both phases, the temperature profiles exhibit “staircase” patterns,
with the temperature gradient in the fiber phase being much smaller than the gradient in
the matrix phase. This is expected since the thermal conductivity of the SiC fiber is much
higher than that of the Ti-Al matrix (see Table 1). The staircase patterns intersect the linear
distributions at M+ 1 locations, as the step size decreases with increasing number of fibers
(M) in the thickness direction. Alternatively, the temperature profiles in the RCS containing
only matrix (not shown) do not exhibit such a staircase pattern. These profiles exhibit
smoother deviations from the linear distributions (see Aboudi et a/., 1993). Examination
of the complete set of results reveals that the temperature profiles generated using the
standard homogenization approach are not reliable for M < 8 for the RCS that contains
both phases, as well as for the RCS that contains matrix only.

Figures 5 and 6 illustrate the corresponding normal stress profiles, g,, and o33, in the
RCS containing both fiber and matrix phases. As in the preceding cases, the linear normal
stress distributions in the two directions generated with the standard homogenization
approach (denoted by dashed lines) are included for comparison. The profiles generated
with the present model are radically different from the profiles obtained with the standard
homogenization approach for small values of M for both RCSs. In the case of the RCS
containing both phases, the stress profiles exhibit characteristic patterns, with substantially
smaller gradients in the fiber phase than in the matrix phase, as suggested by the cor-
responding temperature profiles in Fig. 4. Examination of the complete set of resuits reveals
that when M is small, the stress profiles predicted by the present model are lower, i.e.
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Fig. 5. Through-the-thickness normal stress o5, in a unidirectional composite with uniformly spaced
fibers in the cross-section containing both phases: (a) M = 2; (b) M = 20.
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Fig. 6. Through-the-thickness normal stress oy, in a unidirectional composite with uniformly spaced
fibers in the cross-section containing both phases: (a) M = 2; (b) M = 20.

conservative, than those obtained using the standard homogenization approach. As M
increases, the normal stress distributions begin to oscillate around the linear or “mean”
distribution predicted by the standard homogenization analysis. A clear pattern of oscil-
lations emerges when M is about 5. As M increases beyond 5, the oscillations take on a
characteristic pattern, forming a “fan” whose envelope grows with increasing distance from
the top surface along the x, axis, with the actual gradients in the fiber and matrix phases
being preserved. The stress magnitudes in the fiber phase are now greater than the mean
distribution, and thus nonconservative, while in the matrix phase they are lower and thus
conservative. These oscillations are a direct result of the mismatch in the Young’s moduli
of the fiber and matrix phases. It is interesting to note that the envelope of the normal stress
6, grows at a significantly smaller rate with x, than the envelope of the normal stress ;.
This is clearly rooted in the microstructure of the composite which has preferred orientation
along the x, axis. In other words, the normal stress carried by the individual fibers in the
x4 direction, that is required to maintain the composite flat in the presence of the thermal
gradient, is significantly greater than the stress carried by the fibers in the x, direction. This
is due to the fibers being continuous along the x; coordinate and discontinuous along the
x, coordinate. In contrast, the differences in the normal stress distributions in the x, and
x directions predicted by the continuum calculations are significantly smaller than the
differences predicted by the present model. Clearly, the continuum approach is insensitive
to the actual microstructure of the material in the presence of large fiber diameter, finite
boundaries, and thermal gradient.

In the case of the matrix only RCS (not shown), clear pattern for both normal stress
distributions also emerges when M is about 5. In this case however, the situation is reversed,
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with the normal stress 7, exhibiting greater oscillations than a3;. Further, while the average
behavior of the normal stress ¢,, tends to the distribution predicted by the continuum
model, the average behavior of o3; is below that of the linear distribution obtained from
the continuum model. The oscillations observed in the o,, stress profiles are nonconservative
in the matrix subcell adjacent to a fiber subcell in the x,—x; plane, and conservative in the
matrix subcell adjacent to another matrix subcell in the same plane, as required by the
continuity of tractions between adjacent subcells. In contrast, the oscillations observed in
the o3, stress profiles are conservative everywhere.

Finally, Figs 7 and 8 illustrate the normalized in-plane force and moment resultants in
the x, and x, directions, as a function of the number of fibers, M, in the thickness direction,
that result from the normal stress distributions in all the investigated configurations (M = 1,
2,3,5,8, 12, 16, and 20). Normalization is carried out with respect to the corresponding
continuum approach predictions. The in-plane force resultants N, and ¥, shown in Fig. 7
exhibit virtually identical behavior as a function of M, and asymptotically approach the
predictions of the continuum model from below for increasing values of M. The continuum
results thus provide a conservative estimate of the actual in-plane resultant forces that are
required to maintain the various composite configurations in place, for the applied loading
and boundary conditions. A major conclusion obtained from these figures is that the
continuum approach does not produce reliable magnitudes of the inplane force resultants
for M less than about 10. However, since the predictions are conservative with respect to
the macroscopic quantities, any design based on these quantities should be safe, albeit
inefficient. In contrast to the identical asymptotic behavior exhibited by the in-plane force
resultants, the inplane moment resultants M, and M presented in Fig. 8 approach the
continuum model predictions at different rates for increasing M, with M, approaching the
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Fig. 7. In-p.lane.force resultants in a unidirectional composite with uniformly spaced fibers in the
thickness direction (normalized with respect to the lamination theory prediction) : (a) N,; (b) N,.
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(b) M.

continuum model results faster than M. In both cases, the asymptotic behavior is faster
than for the in-plane force resultants. A major conclusion once again is that the continuum
approach does not produce reliable magnitudes of the moment resultants for M less than
about 8. However, as in the preceding case, the predictions are conservative.

4.2.2. Bi-directional composites. Consider next the response of a continuously
reinforced bidirectional composite with fibers oriented in both the x, and x, directions. The
composite is constructed by starting with a ply having fibers oriented in the x, direction,
followed by a ply with fibers along the x, direction, which in the terminology of the
lamination theory is called an alternating 90°/0° laminate. This sequence is repeated as
many times as desired. The thickness of each ply in this case is 199 um with the fiber volume
fraction of 0.40 as before. Since the ply thickness is now kept constant but the number of
alternating 90° and 0° plies is allowed to increase, the total composite thickness increases.
However, since the problem is linear, this is equivalent to keeping the ply thickness constant
but decreasing the fiber diameter while maintaining a constant fiber volume fraction.
Therefore, although the various distributions in the thickness direction are now given as a
function of the coordinate x|, they can be directly compared with those of the unidirectional
configurations. As before, the objective is to determine the number of fibers in the thickness
direction that are required for the results to approach those obtained using the standard
homogenization procedure. In view of the well-established trends for the unidirectional
configurations outlined in the foregoing, we limit the discussion to bidirectional con-
figurations containing 20 rows of fibers.

Following the previously established order of presentation of the results, we start with
the discussion of the temperature distributions for the investigated configurations. The
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Fig. 9. Through-the-thickness normal stress o4, in a bidirectional composite with uniformly spaced
fibers in the cross-section containing both phases for M = 20.

distributions in the RCS containing both fiber and matrix phases exhibit the same charac-
teristic staircase pattern seen previously in the unidirectional configurations, with the step
size decreasing with increasing M. As expected, the temperature distributions predicted by
the continuum model are the same as those for the unidirectional cases because the trans-
verse conductivity in the x, direction is the same for both the 0° and 90° configurations.
The temperature distributions obtained using the present approach are also the same as
those obtained for the unidirectional configurations. This is a somewhat unexpected result
in view of the different conductivities of the fiber and matrix phases, and the different
microstructural details in the x, direction observed in the unidirectional and bidirectional
configurations. It is not clear at this time why the present model predicts identical tem-
perature distributions for the two different configurations.

The normal stress distributions a;; and o33, in the RCS containing both phases, are
presented in Figs 9 and 10, respectively. Due to the presence of alternating 0° and 90° layers,
the envelopes of these distributions grow with increasing distance along the x, direction at
approximately the same rate. This is in contrast with the normal distributions observed in
the unidirectional configurations where the o, stress component grew faster than the ¢4,
stress component. We note that although the normal stresses in the fiber phase increased
monotonically along the x, axis in the unidirectional configurations, this is not the case for
the bidirectional configurations. In fact, here the normal stresses increase at two different
rates depending on whether the fiber associated with the 90° or 0° layer is considered.
Consequently, the pattern that is observed for the considered RCS in the bidirectional
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Fig. 10. Through-the-thickness normal stress o;; in a bidirectional composite with uniformly spaced
fibers in the cross-section containing both phases for M = 20.
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configurations is bimodal, thereby giving the appearance of nonuniformity for small values
of M. Alternatively, when M = 20, the full pattern emerges from which the growth of the two
normal stresses (04, and ¢33) at two different rates can be easily discerned. The distribution of
the normal stresses predicted by the present model follows the results of the continuum
approach in an average sense.

Figures 11 and 12 show the in-plane force and moment resultants obtained from the
normal stress distributions presented in Figs 9 and 10. As in the case of unidirectional
configurations, these quantities have been normalized with respect to the lamination theory
predictions and plotted as a function of the number of layers, M, in the thickness direction.
The trends observed for the behavior of the in-plane force and moment resultants for the
bidirectional configurations generally follow the same pattern as in the preceding cases.
However, a characteristic difference in the behavior of the in-plane moment resultants is
observed. Whereas for the unidirectional configurations, the inplane moment resultants
approached the lamination theory predictions in a uniformly asymptotic manner, the
asymptotic behavior for the bidirectional configurations is not uniform. This is particularly
true for small values of M where the initially rapid increase of M, and M; is followed by
a pattern of alternating slow and rapid growth rates, resembling a staircase pattern.

4.3. Response of composites with tailored mesostructure

In the final set of examples, we investigate the response of unidirectional composites
with nonuniformly spaced fibers to thermal gradients. Three fiber spacing variations in the
FG direction are considered, namely linear, quadratic and cubic. The total thickness of the
composite is kept fixed and the total fiber volume fraction of the composite is 0.40 as in the
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Fig. 11. In-plane force resultants in a bidirectional composite with uniformly spaced fibers in the
thickness direction (normalized with respect to the lamination theory prediction) : (a) N»; (b) N
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preceding unidirectional composites with uniformly spaced fibers. The pth cell dimension,
D,, in the FG direction which determines the fiber spacing for the three variations was
obtained from the following formulas:

linear fiber spacing

D,=A(p—1)+B (68)
quadratic fiber spacing

D,=A(p—1)’+B (69)
cubic fiber spacing

D,=A(p—1)*+B, (70)

where p =1, 2, ..., M, Bis a pre-assigned constant, and 4 governs the rate of increase of
the cell FG dimension. Let M be the number of fibers in the FG composite as before. The
total thickness of the composite
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M
H= YD,
p=1

is then calculated from the following formulas :

linear fiber spacing

cubic fiber spacing

quadratic fiber spacing

H

2 2
HzA[Qj}Z)M

(M*—M)

H=A"—5""+MB

A [%I(M+l)(2M+I)~MZ] +MB

~M3:‘ -+MB.

(71)

(72)

(73)

The following results have been generated for the case when M = 10, B = 199 um,

and H = 208. Given these values, one can determine A directly, and since the total fiber
volume fraction in the FG composite is given by

Md({’) 2

(74

the parameters d\” =k, d¥’ = D,—d{?, and h, = D, —d\” are determined for all values

of p.
The temperature distributions for the three nonuniformly spaced configurations, as

well as the uniformly spaced reference configuration, are illustrated in Fig. 13. In all
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nonuniformly spaced cases the temperature profiles are below that generated with uniformly
spaced fibers. The linear fiber spacing variation produced the smallest deviation from the
temperature profile obtained with uniformly spaced fibers, followed by the quadratic and
then cubic fiber spacing variations.

The associated normal stress distributions a,, and ¢;; produced by the resulting tem-
perature distributions for the cubic spacing are given in Fig. 14. These stress distributions
are explicitly compared with the distribution obtained for the configuration with uniformly
spaced fibers. As expected, those configurations that have been ailored to give lower
temperature distributions necessarily produce lower stress distributions when compared to
the stress distribution in the presence of uniform fiber spacing. Consequently, the greatest
reduction in the normal stress distributions occurs for the cubic fiber spacing variation,
followed by the quadratic and linear variations (not shown).

The resulting in-plane force and moment resultants for the three fiber spacing con-
figurations are illustrated in Fig, 15 in bar chart form. The actual magnitudes have been
normalized by the corresponding quantities obtained for the uniformly spaced fiber con-
figuration. The results, as expected given Fig. 14, indicate that the greatest reductions in
the presence of nonuniformly spaced fiber configurations occur for the cubic variation,
followed by the quadratic and linear. Of the two sets of resultants, the in-plane force
resultants exhibit the greatest relative reductions.

The last example discussed herein is the effect of reversing the temperature gradient
on the temperature and stress distributions in the presence of nonuniformly spaced fibers.
Again, the three configurations, i.e. linear, quadratic and cubic fiber spacings, discussed
previously are considered, however now the top surface (x; = 0) is exposed to the elevated
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temperature of 500°C and the bottom surface (x, = H) maintained at 0°C. In practical
terms for instance, this situation may arise in aircraft applications involving frictional
heating of the wing skin during flight which, in turn, requires active internal cooling, causing
the given temperature gradient. In light of the preceding results, only the results for the
cubic fiber spacing case are presented.

The temperature distribution for the cubic fiber spacing variation and reference uniform
spacing is presented in Fig. 16. In contrast with the preceding case, the temperature
distribution is now higher than the distribution generated with uniformly spaced fibers, as
one would expect since the effective thermal conductivity in the elevated temperature zone
is higher. In fact, the temperature distribution with the reversed thermal gradient is the
mirror image of the distribution with the original thermal gradient. The results presented
in Fig. 16 suggest that the magnitudes of the normal stress distributions ¢, and o;; will
now be greater than the corresponding magnitudes obtained for uniformly spaced fibers.
This is indeed the case as seen in Figs 17 and 18. Clearly, these normal stress distributions
will generate in-plane stress and moment resultants that will be higher than the resultants
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Fig. 16. Effect of reversing the direction of imposed thermal gradient on the temperature distribution
in a unidirectional composite with cubically spaced fibers. Comparison with uniformly spaced fiber
composite.

obtained from the uniformly spaced fiber configuration. Therefore, in order to reduce these
quantities with respect to the reference quantities in the presence of uniform fiber spacing,
the reversal of the thermal gradient should be accompanied by the reversal of the fiber
spacing gradient.

5. CONCLUSIONS

A new approach has been presented for analyzing the response of thin-walled, metal
matrix composites subjected to a thermal gradient, with a finite number of large-diameter
fibers uniformly or nonuniformly spaced in the thickness direction. In this approach, the
microstructural and macrostructural details are explicitly coupled when solving the
thermomechanical boundary-value problem. This is in stark contrast to the standard micro-
mechanical schemes, based on the classical homogenization procedures, which treat the
local (micromechanics) and global (macromechanics) problems separately. Coupling of the
local and global analyses allows one to accurately analyze the response of metal matrix
composites such as SiC/TiAl that contain relatively few through-the-thickness fibers, as
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Fig. 17. Effect of reversing the direction of imposed thermal gradient on the normal stress o5,
distribution in a unidirectional composite with cubically spaced fibers. Comparison with uniformly
spaced fiber compeosite.
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well as so-called functionally gradient composites with continuously changing properties
due to nonuniform fiber spacing or the presence of several phases. In such composites, it
is difficult, if not impossible, to define the representative volume element (RVE) used in the
traditional micromechanical analyses.

The numerical examples presented herein indicate that the standard homogenization
procedure based on the premise of a RVE yields inaccurate results for thin-walled com-
posites with a small number of large-diameter fibers in the thickness direction. In particular,
the inplane force and moment resultants obtained using the standard homogenization
approach, that are necessary to maintain the composite flat in the presence of a through-
the-thickness thermal gradient, are significantly overpredicted (i.e. conservative) for fewer
than about 10 fibers when the mismatch in the thermal conductivities of the fiber and matrix
phases is large. For a larger number of through-the-thickness fibers, the results of the
present model asymptotically approach those of the standard homogenization scheme. The
local stresses, on the other hand, only converge to the classical homogenized stresses in an
average sense with increasing number of through-the-thickness fibers, and can exhibit large
nonconservative local fluctuations depending on the microstructural details of the composite
(and the mismatch in the thermal and material properties). As demonstrated by Aboudi et
al. (1993), an estimate of the local stresses can be obtained from the continuum approach
by applying an average temperature over a given volume containing both the fiber and
matrix phases, and solving the associated micromechanics problem, treating the given
volume as an RVE. Such a “primitive” micromechanics approach must be employed with
caution since it may underestimate the local stresses in the presence of stress gradients at
the micromechanical level. The accuracy of this approach increases with increasing number
of through-the-thickness fiber, and may be acceptable when the number of fibers is greater
than ten. These observations suggest that the use of the effective modulus concept must
be approached with caution when analyzing the thermal response of composites with
relatively few, large-diameter fibers in the thickness direction in the presence of thermal
gradients.

The results obtained for composites with tailored mesostructures, i.e. nonuniformly
spaced fibers in the through-the-thickness direction, indicate that it is possible to reduce
the temperature distribution, and thus obtain more favorable stress distributions, by appro-
priately grading the microstructure of the composite. This, in turn, reduces the inplane
force and moment resultants, necessary to maintain the composite flat in the presence of a
thermal gradient, with respect to the corresponding quantities that arise in composites with
uniformly spaced fibers. The manner in which the microstructure of the composite is
graded must take into account the sign of the thermal gradient. Consequently, tailoring of
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microstructure appears to be useful in those applications where the sign of the thermal
gradient is preserved.

The results presented point to the potential usefulness of the developed theoretical
framework for analyzing the response of advanced composites with tailored microstructures
to thermal gradients in the presence of elastic phases with temperature-independent prop-
erties. In the future, the approach will be extended to include inelastic effects as well as
temperature-dependent response of the constituent phases exhibited by advanced metal
matrix composites at elevated temperatures. Finally, the full potential of the presented
method as a design tool for functionally graded or tailored composites can only be realized,
however, when it is combined with an appropriate optimization approach [see, for example,
Saravanos and Chamis (1992)]. This too will be addressed in future work.
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APPENDIX A: THERMAL ANALYSIS
1. Heat conduction equations
Multiplying eqn (6) by (&{*)'(¥P)"(#")", where J, m, n =0, 1, or 2 with /+m+n < 2, and integrating by
parts, using the temperature expansion given in eqn (14), the following equations are obtained

Li@ho+ LiGho + Liio0 =0 (A1)

LW/ 0.n Q‘Ia(%wom =0 (A2)

1AL 0 +3 LA, o+ +3L 3(% ho] — 2088, 9 = (A3)
T2 AL 0+ 3L58 0 + LTl — 2058 o) = (Ad)
o LG 0+ LS 0+ 3L5 0,01 — 20501, = 0, (A5)

where O/, has been defined previously in eqn (15), and

1 d“”)” g/ 2 [gxz [ d“”))
L« A w22 F gy (=1 igen |
e = U?f}m( Jkﬁfz —ip2 q; 2 (=gl
dPr2 12 A 2
L§fo = ( } g5 i)+ (=g ~ 3 | dxpazy (A7)
~dP2 J-1)2 2 2

d;p)
; ):{di?)di?’ (A6)
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wn 1 LY 42 L2 I3 1
Lo = %(5) J»:ii”'xz J‘—/:,;/Z [q"‘" » <2> + (=)t g (— é)] dxPdx{, (AB)

Inthe above:n=0or1;
: d . h , L
qﬁ’”"(i—*z ) q‘z“”"(i—zﬂ), q‘;“"”(ii’

denote the interfacial fluxes at 5{¥ = +1d, " = + 1k, £ = + 1/, respectively; and vif), = dPhyl, is the
volume of the subcell (28y) in the pth cell.

Equations (A1)-(A5) provide relations between the zeroth-order and first-order heat fluxes Q! «fn » and the
interfacial fluxes L{f)),,. Explicit expressions for the interfacial fluxes L ofn ., given solely in terms of Qi | are
obtained through the following sequence of manipulations, noting that eqn (A2) already prov1des a direct relation
between Q‘{‘(”D’L oand LG, o First, subsmutmg equation (Al) into (A4) and (A5), respectively, gives the following
direct expressions for Lz“("{,’o o and LEE

%hfL‘za(t&)o,m = 2Q(Za(("a)l.0) (A9)
$ L D00 = 2050 1) (Al10)
Then upon substitution of eqns (A9) and (A10) into (A1) we obtain the following expression for L&), o,
Llla(ﬁ(;':)o.m = - 12(Q(z“/3’j’1.m/h§ + Q(su(%')ol)/lz) (Al 1)
Equations (A9)—(A11) will be used to reduce the heat conduction and heat flux continuity equations to expressions
involving only the heat flux quantities Q%7),,. These can subsequently be expressed in terms of the fundamental
unknown coefficients T*#”, appearing in the temperature expansion given by eqns (14), using eqns (16)—(19).
2. Heat flux continuity equations
The heat flux continuity conditions (8)~(9) are imposed on an average basis at each subcell and cell interface.
Prior to imposing these continuity conditions, let us define intermediate quantities £{'#” and g{'? as follows:
FUE < g M2 e P A alpi2 (Al2)
gl = g g+ g s (A13)

These quantities will simplify the algebra associated with application of the heat flux continuity requirement on
an average basis in the FG direction. Then substituting eqns (8a) and (9a) into the above definitions we have

FURP = q(ZBwl B s _qlzu;>|<(2kd(p_,)’2 (Al4)
28y |21
gL = g8 )|x(2>~,dw)/2+q(l By) w2 (A15)

Adding and subtracting equal quantities to and from eqns (A14) and (A15) it can easily be verified that
2,’(]111-;) l(/') — [4[<]2ﬂ7) +g¢12ﬂ}'i](p) _ [ f(lzlirl +g<]2/17)](p7 3 (A16)
zgl]lﬁr)lw) — [_f<12ﬁw + q(llﬂ‘/)](p) + [f(lllf‘/) +g(12ﬁ”]“" N (Al7)

Then using eqns (A16) and (A17) in (A6), we obtain the following heat flux continuity conditions for the FG
direction

1y 28 2, 28y 1 — 1)y (28 -h
d(lp)L(] (/(.;/(’! 0) i(l" = [L(I ,I/E) ) d(ZP)L‘l(%Tz).O)]{m - [L(l [’l’{()').O) + ﬁd(Zp L(](‘())%.O)](p (A 1 8)

a — 1 20y 1 28; 1 287 1 =1y (28 -1
L(l](li}).ﬁ)l(p) =2 [L( I8N d(p)Lll(%%‘O)](P) + 2 [L(l(ﬂi{:).()) + 4d2p L(I %)0 0) ](p N (Alg)

The heat flux continuity conditions in the remaining two directions are obtained using eqns (8b) and (8¢) in (A7)
and (A8), respectively. From eqns (8b) and (A7) we have

hlL(zji:f{).()>|(P) = _th(zz(%‘{:),m‘(m (A20)
while from eqns (8c) and (A8)
LLER 0|7 = —LLSER 07 (A21)
Equations (A9)-(All), together with eqn (A2), will be employed in reducing the heat flux continuity
conditions (A18)—(A21) to expressions involving only the volume-averaged zeroth-order and first-order heat flux
quantities Q7.
3. Reduction of heat conduction and heat ﬂux contmblty equations

Substituting eqn (A1) into (A3), and using eqns (A9) and (A 10), reduces the volume-averaged heat conduction
equations to a set of eight equations given by eqn (20). Next, using the expression for L{, o, given by eqn (A11),
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and the expression for L{fY, ;, given by eqn (A2), in the continuity relations (A18) and (A19), we obtain eqns
(21) and (22). Finally, combining eqns (A9) and (A20), as well as eqns (A10) and (A21), gives eqns (23) and (24).

4. Thermal continuity equations

As in the case of the heat flux field, the thermal continuity conditions (10) and (11) are imposed on an average
basis at each subcell and cell interface. Thus substituting eqn (14) into eqns (10a—c), respectively, we obtain at
each subcell interface the conditions (25)—(27). Furthermore, substituting eqn (14) into (11a) to ensure continuity
of temperature between neighboring cells in the FG direction, we obtain the condition (28).

APPENDIX B: MECHANICAL ANALYSIS

1. Egquations of equilibrium

Let us multiply eqn (30) by (£)'(x¥)"(x$")", where again /, m,n = 0, 1, or 2 with /4+m+n < 2. Integrating the
resulting equations by parts, and using the displacement expansions (39), we obtain the equations of equilibrium in
the subcell region («fy) in the form

I ﬁ%.)oﬁ) +J g%,’o,m + K(ﬁ%,)om =0 (BD)

I ﬁﬁ,)o.o) -5 ﬁ%.’o‘o) =0 (B2)

J S‘é’(’&’ 1,0 S. %’(35,)0,0) =0 (B3)

¢ g?%.)o‘ n—S 3?%?0.0) =0 (B4)

3100 + 5800 + Koo — 248 00/dP? = 0 (BS)
T80+ 3500y + K58.0) — 248 &)1 oy /h = 0 (B6)
1800 + T 5800 + 3K 500 —24S 00 /17 = 0, (B7)

where S{f7), ,, has been defined previously in eqn (40), and

hB/Z 12
[0 = 7= di"’)"f i f [ GA) + (= ) ot (- $dParpasy (B8)
afy. ~ gl —h
1 dPrz 12
TSm0 = S Ghg)" J s f » (657 (Rhg) + (= )" '0$8(— 1hy))dZPd5 (BY)
(@By) —dy i
1 P2 fhy2
K$fRom = WG l,)"f oz j o S GL) + (=1 oS (= 31)]dxPdx). (B10)
xpy 't — gl

In the above: n =0 or 1; o (+1dP), 657 (+3h,), o§(£41), stand for the interfacial stresses at % =
+4dP, 2P = +1hy, X = 141, respectively.

Equations (B1)-(B7) provide relations between the zeroth-order and first-order, volume-averaged stresses
8§t and the interfacial tractions Iy ), J$40, 0, and K3, .. Direct “one-to-one” relations are obtained
through the following sequence of manipulations, noting that equations (B2)—(B4) already provide direct relations
between S0 and 11500, S50, and JEB) o, SEHhe and K., First, substituting equation (B1) into
eqns (B6) and (B7), respectively, gives direct expressions for J§)0 and K&, o,

$hiI 500 = 2500 (B11)
17K Ro0 = 25580, (B12)

Then, upon substitution of eqns (B11) and (B12) into (B1), we have the following expression for / {0
o0 = — 1288 0/hf + S /1D (B13)

Equations (B11)-(B13) will be used to reduce the equilibrium equations and traction continuity equations to
expressions involving only the zeroth-order and first-order, volume-averaged stress quantities S (@ - These can
subsequently be expressed in terms of the fundamental unknown coefficients w(*?, U,y "prn | glan)

x5, and ${*” appearing in the displacement field expansion given by eqns (39), using eqns (41)~(46).

2. Traction continuity conditions

The traction continuity conditions, eqns (33) and (34), are imposed on an average basis at the subcell and
cell interfaces. These conditions imply existence of certain relationships between the surface integrals of the
interfacial traction components defined by eqns (B8)-(B10). To assist in establishing these relations, let us define
two new quantities F{/*” and G{}#” as follows :
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187) — {187 2

Fiin = Uﬁjﬂ )|\'v‘,"=‘t((";2“0,(,'w )lj‘,"= -dif2 (B14)

Gy = 05,“””’;',":4‘,"',’2 +0l/#| W= a2 (BI5)

Substituting eqns (33a) and (34a) into the above definitions, we obtain, respectively

(1B () — (28 | (P) 2| e 1)
Fii# [ = Gﬁlﬁ”'f(‘z»:‘d({u’,z—d(”ﬂJ".,(‘b:dn}p—n,z (B16)

18y 280 | L) 3
G| = 0‘11””'\—<:):,1,w,2+6‘1f’”
1 27

O g (B17)

By addition and subtraction of equal quantities to and from eqns (B16) and (B17) it can easily be verified that
2F(l}/7‘/)|(p) — [_F(”Zﬂv) +G(]%ﬁ"y')](p) _[F(lfﬁr) +Gt]fth')](p4 1} (B18)
ZG(]}ﬂ)‘)‘(II) — [Gﬁﬂﬂ _F(]%ﬂ‘,'l](m +[G(]%ﬂ” +Fi]flf'r"](;'* N (B19)
Then employing eqns (B18) and (B19) in equation (B8) with j = 1, we obtain the corresponding relations
dPIGha|” = Uifihe — 2dP b0l — (110 + 148 " 1iGho]? " (B20)
Lifiool? = s Ui — 1dP Tl + 1 Ui o0 +3dY ™ VIl (B21)
Similarly, using eqns (33b) and (B9) we have
hl-lgﬂ&)n.oﬂ(p) = —hz-](zﬂf%&',)o.m'm (B22)
JGihol? = J5Ehol? (B23)
and from eqns (33c) and (B10) we obtain
LKSohal” = — LK o (B24)
Kb = Ko™, (B25)
As a result of the above manipulations, 24 relations, given by eqns (B20)-(B25), arise from the traction
continuity conditions between subcells and between neighboring cells. These equations, in conjunction with
equations (B1)-(BS5), and eqns (B11)-(B13), will be employed in reducing the equilibrium and traction continuity
equations to expressions involving only volume-averaged zeroth-order and first-order stresses S©f7, .
3. Reduction of equilibrium and traction continuity equations
Substituting eqn (B1) into eqn (B5) and using eqns (B11) and (B12), reduces the volume-averaged equilibrium
equations to a set of eight equations given by eqn (47). Next, combining the expressions for I{}f, o, and I,
provided by eqns (B2) and (B13), and the continuity relations (B20) and (B21), respectively, we obtain the eight
equations given by (48) and (49). Continuing, if we substitute eqn (B11) into eqn (B22) directly, and eqn (B12)
into eqn (B24), we obtain, eqns (50) and (51), respectively. Finally, combining eqns (B3) and (B23), and equations
(B4) and (B25), yields, eqns (52) and (53), respectively.
4. Displacement continuity conditions
The displacement continuity conditions, i.c. eqns (35) and (36), are now imposed on an average basis at the
interfaces. This is accomplished by first substituting eqn (39) into eqn (35a), yielding eqn (54), then into eqn
(35b), yielding eqns (55) and (56), followed by eqn (35¢), yielding eqns (57) and (58), and finally into eqn (36a),

yielding eqn (59). Consequently, eqns (54)—(59) provide 24 relations which must be imposed to guarantee the
continuity of the displacements between the subcells and between neighboring cells.



